Abstract. Given a continuous, odd, semi-simple 2-dimensional representation of G Q,Np over a finite field of odd characteristic p and a prime ℓ not dividing N p, we study the relation between the universal deformation rings of the corresponding pseudo-representation for the groups G Q,Nℓp and G Q,Np . As a related problem, we investigate when the universal pseudo-representation arises from an actual representation over the universal deformation ring. Under some hypotheses, we prove analogues of theorems of Boston and Böckle for the reduced pseudo-deformation rings. We improve these results when the pseudo-representation is unobstructed and p does not divide ℓ 2 − 1. When the pseudo-representation is unobstructed and p divides ℓ + 1, we prove that the universal deformation rings in characteristic 0 and p of the pseudo-representation for G Q,Nℓp are not local complete intersection rings. As an application of our main results, we prove a big R = T theorem.
Introduction
In [10] , Boston studied the effect of enlarging the set of primes that can ramify on the structure of the universal deformation ring of an odd, absolutely irreducible representation of Gal(Q/Q) over a finite field which is attached to a modular eigenform of weight 2. His results were generalized by Böckle in [7] to any continuous 2-dimensional representation of Gal(Q/Q) over a finite field such that the centralizer of its image is exactly scalars. The aim of this paper is to study the same problem for pseudo-deformation rings i.e. universal deformation rings of pseudo-representations.
This article has two parts. In the first part, we analyze when a pseudo-representation arises from an actual representation. In the second part, we use the results obtained in the first part to study how the structure of the universal deformation ring of a 2-dimensional Galois pseudo-representation changes after allowing ramification at additional primes. We will now elaborate on each part.
All the representations and pseudo-representations of pro-finite groups considered in this article are assumed to be continuous unless mentioned otherwise.
1.1. Pseudo-representation arising from a representation. Let G be a pro-finite group and R be a complete Noetherian local (CNL for short) ring. Roughly speaking, a 2-dimensional pseudo-representation of G over R is a tuple of functions (t, d) : G → R which 'behaves like' the trace and determinant of a 2-dimensional representation of G over R. In particular, if ρ : G → GL 2 (R) is a representation of G, then (tr(ρ), det(ρ)) : G → R is a pseudo-representation of G of dimension 2. But the converse to this statement is not necessarily true.
The notion of pseudo-representation that we are going to use throughout the article was introduced and studied by Chenevier in [11] . Chenevier's theory of pseudorepresentations generalized the theory of psuedo-characters developed by Rouquier in [19] . We refer the reader to [4, Section 1.4] for definition and properties of 2-dimensional pseudo-representations and to [11] for general theory of pseudo-representations. Now suppose p is an odd prime, F is a finite field of characteristic p and G is a pro-finite group satisfying the finiteness condition Φ p of Mazur (see [ If there does exist such a representation ρ, then we say that the pseudo-representation (t, d) arises from a representation.
1.1.1. Motivation. In [10] , Boston used the techniques and results from the theory of pro-p groups to determine how the deformation ring of an absolutely irreducible Galois representation changes after enlarging the set of ramifying primes. The same techniques were used by Böckle in [7] to extend Boston's results to residually non-split reducible representations (see [7, Theorem 4.7] ). However, their method crucially depends on working with actual representations (and not just pseudo-representations). So, in order to use their techniques and results, we first investigate when a Galois pseudo-representation arises from an actual representation.
Moreover, this question is also of an independent interest for any pro-finite group (and not just for the Galois groups). Therefore, we do not restrict ourselves to Galois groups in the first part of the article and work with a general pro-finite group.
Main results.
Recall that we haveρ 0 : G → GL 2 (F) withρ 0 = χ 1 ⊕ χ 2 . Let χ := χ 1 χ −1 2 . For i ∈ {1, −1}, we denote the dimension of the cohomology group H j (G, χ i ) as a vector space over F by dim(H j (G, χ i )).
Theorem A (see Theorem 3.5, Theorem 3.7). Suppose dim(H 1 (G, χ i )) = 1 for some i ∈ {1, −1} and fix such an i. Then: ( 
1) If R is a reduced CNL W (F)-algebra, then every pseudo-representation (t, d) :
G → R deforming (tr(ρ 0 ), det(ρ 0 )) arises from a representation.
(2) Suppose H 2 (G, 1) = 0, dim(H 1 (G, χ −i )) ∈ {1, 2, 3} and dim(H 2 (G, χ −i )) < dim(H 1 (G, χ −i )).
If R is a CNL F-algebra, then every pseudo-representation (t, d) : G → R deforming (tr(ρ 0 ), det(ρ 0 )) arises from a representation.
As a consequence of the theorem above, we get that certain pseudo-deformation rings are isomorphic to appropriate deformation rings of residually reducible, non-split representations (see Theorem 3.5 and Theorem 3.7 for more details). In subsection 3.5, we list the consequences of these results for Galois groups.
1.2.
Level raising for pseudo-deformation rings. In the second part, we specialize the set-up introduced in section 3 to the case where G = G Q,N p andρ 0 is an odd representation. To be precise, we consider a reducible, semi-simple, odd representation ρ 0 : G Q,N p → GL 2 (F) where p is an odd prime, F is a finite extension of 1.2.1. Motivation. Our interest in the problem mainly arises from its potential application to determining the structure of characteristic 0 and characteristic p Hecke algebras (as defined in [4] and [12] ) and to the level raising of modular forms.
In [10] , Boston connects the increase in the space of deformations, after allowing ramification at an additional prime ℓ, to the level raising of modular forms. To be precise, he shows, using the results of Ribet and Carayol, that every new component of the bigger deformation space contains a point corresponding to a modular eigenform which is new at ℓ.
When the residual representation is reducible, the level raising results for modular forms are not known in all cases (see [5] and [23] for known cases of level raising results for reducibleρ 0 ). So ifρ 0 comes from a newform of level N and the level raising results are not known for it, then results along the lines of [10] for pseudo-deformation ring can be treated as evidence for level raising forρ 0 .
On the other hand, supposeρ 0 comes from a newform of level N and level raising is knownρ 0 . Then, we are interested in studying the relationship between T [4] and [12] for the definitions of these Hecke algebras). In particular, we want to explore if the structure of T which are known to be isomorphisms in certain cases. Thus, exploring this question for deformation rings serves as a good starting point for this study and it also gives us an idea of what to expect in the case of Hecke algebras. We are also interested in exploring similar questions for mod p Hecke algebra of level N ℓ and N (as defined in [12] and [4] ). is a prime such that ℓ ∤ N p, p ∤ ℓ 2 − 1 and χ i | G Q ℓ = ω p for some i ∈ {1, −1}. Then:
Main results. Recall that we have an oddρ
The case p|ℓ + 1 turns out to be different from the other cases which also happens in [10] and [7] .
Theorem C (see Theorem 4.14, Theorem 4.20, Corollary 4.21). Supposeρ 0 is unobstructed and ℓ is a prime such that ℓ ∤ N p, p|ℓ + 1, p 2 ∤ ℓ + 1 and χ|
Moreover, both R and collect the properties that we need (subsection 2.2). We also review reducibility properties of pseudo-representations (subsection 2.3) and properties of deformation rings residually reducible, non-split representations (subsection 2.4).
In section 3, we analyze when a pseudo-representation arises from a representation. In section 4, we study how the pseudo-deformation ring changes after enlarging the set of ramifying primes. In section 5, we apply results from section 4 to prove an R = T theorem and also give some examples where the hypotheses of the theorem are satisfied.
Before proceeding further, let us first fix some more notation and conventions, in addition to the ones established above, which we will use throughout the paper.
Notations and conventions.
For a pro-finite group G, we will use the following convention: all the representations, pseudo-representations, cohomology groups and Ext i groups of G that we will work with are assumed to be continuous unless mentioned otherwise. Given a representation ρ of G defined over F, we denote by dim(H i (G, ρ)), the dimension of H i (G, ρ) as a vector space over F.
For a prime q, denote by G Qq the absolute Galois group of Q q and by I q , the inertia group at q. Denote the Frobenius element at q by Frob q . For an integer M , denote by G Q,M p the Galois group of a maximal algebraic extension of Q unramified outside {primes q s.t. q|M p} ∪ {∞} over Q and fix an embedding i q,M :
fixed M , such an embedding is well defined upto conjugacy.
Moreover, for an element g ∈ G Qq , we denote ρ(i q,M (g)) by ρ(g). If ρ|I q factors through the tame inertia quotient of I q , then, given an element g in the tame inertia group at q,
We denote the mod p cyclotomic character of G Q,M p by ω p . For a prime q, we will also denote ω p | G Qq by ω p by abuse of notation. For a finite field F, we denote the ring of its Witt vectors by W (F) and we will denote the Teichmuller lift of an element a ∈ F to W (F) by a.
For a local ring R with residue field F, denote by tan(R) the tangent space of R and denote by (R) red its maximal reduced quotient i.e. (R) red is the quotient of R by the ideal of its nilpotent elements. We denote by dim(tan(R)), the dimension of tan(R) as a vector space over F.
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Preliminaries and background results
Even though we are primarily interested in the deformation rings of Galois pseudorepresentations, we are going to take a slightly more general approach in this and the next section. 
with χ 1 = χ 2 and χ = χ 1 /χ 2 .
In subsection 2.1, we introduce the pseudo-deformation rings which we will be working with throughout the article. In section 2.2, we introduce the notion of Generalized Matrix Algebras (GMAs) and collect results which will be used in the rest of the article.
In subsection 2.3, we introduce the notion of reducible pseudo-characters and study its properties. In subsection 2.4, we review the definition and properties of the deformation ring of a residually reducible non-split representation. In subsection 2.5, we prove some additional results for Galois groups which will be used later.
Most of the results that we state/prove in this section are well known.
2.1. Psuedo-deformation rings. We now introduce the pseudo-deformation rings with which we will be studying for the rest of the article. Let C be the category whose objects are local complete noetherian rings with residue field F and the morphisms between the objects are local morphisms of W (F)-algebras. Let C 0 be the full sub-category of C consisting of local complete noetherian F-algebras with residue field F.
Nowρ 0 is a 2-dimensional representation of G over F. Hence, (tr(ρ 0 ), det(ρ 0 )) : G → F is a 2 dimensional pseudo-representation of G over F. Let Dρ 0 be the functor from C to the category of sets which sends an object R of C with maximal ideal m R to the set of continuous pseudo-representations (t, d) of G to R such that t (mod m R ) = tr(ρ 0 ) and d (mod m R ) = det(ρ 0 ). LetDρ 0 be the restriction of Dρ 0 to the sub-category C 0 .
From [11] , it follows that the functors Dρ 0 andDρ 0 are representable by objects of C and C 0 , respectively. Let R pd ρ 0 and R pd ρ 0 be the local complete Noetherian rings with residue field F representingDρ 0 and Dρ 0 , respectively. So we have R
As p is odd, it follows that a 2-dimensional pseudo-representation (t, d) of G to an object R of C is determined by t which is a pseudo-character of dimension 2 in the sense of Rouquier ([19] ) (see [4, Section 1.4] ). Indeed if p is odd and (t,
for all g ∈ G. So, in this case, the theory of pseudo-representations is same as the theory of pseudo-characters.
Hence, it follows that R pd ρ 0 (resp. R pd ρ 0 ) is the universal deformation ring and T univ (resp. t univ ) is the universal pseudo-character of the pseudo-character tr(ρ 0 ) in the category C (resp. C 0 ). Therefore, for simplicity, we will be working with the residual pseudo-character tr(ρ 0 ) and the universal pseudo-characters T univ and t univ deforming tr(ρ 0 ) instead of working with the corresponding pseudo-representations.
Denote the pseudo-character obtained by composing t univ with the surjective map We will frequently specialize to the case where G = G Q,N p andρ 0 is odd. However, even after specializing to this case, we will keep using the notation introduced above unless mentioned otherwise.
2.2.
Reminder on Generalized Matrix Algebras (GMAs). In this subsection, we recall some standard definitions and results about Generalized Matrix Algebras which will be used frequently in the rest of the article. From now on, we will use the abbreviation GMA for Generalized Matrix Algebra. Our main references for this section are [2, Section 2.2] (for GMAs of type (1, 1)), [2, Section 2.3] (for topological GMAs) and [3, Chapter 1] (for the general theory of GMAs). For more information, we refer the reader to them.
We first recall the definition of a topological Generalized Matrix Algebra of type (1, 1).
Let R be a complete Noetherian local ring with maximal ideal m R and residue field F.
So R is a topological ring under the m R -adic topology which we fix from now on. Let A = R B C R be a topological GMA of type (1, 1) over R. This means the following:
(1) B and C are topological R-modules, 
So A is a topological R-algebra with the addition given by
and the topology given by the topology on R, B and C.
For the rest of this article, GMA means topological GMA unless mentioned otherwise.
By abuse of notation, we will always denote by m ′ the multiplication map B ⊗ R C → R for any GMA and any R. From now on, given a profinite group G and a GMA A, a representation ρ : G → A * means a continuous homomorphism from G to A * unless mentioned otherwise. If ρ : G → A * is a representation, then we denote the R-submodule 
where m ′ is the map giving the multiplication in A,
B and C are finitely generated R-modules, Proof. As χ 1 = χ 2 ,ρ 0 is residually multiplicity free. We have assumed that G satisfies the finiteness condition. Hence, the existence of A and ρ with the given properties follows
Thus, from Lemma 2.3, we see that a psuedo-character t : G → R deforming tr(ρ 0 ) arises from a representation over R if the GMA found in Lemma 2.3 corresponding to the tuple (G, t, R) is isomorphic to a subalgebra of M 2 (R). We will now see how to turn a GMA representation into a true representation using this observation when certain conditions are satisfied. This will be used to determine when universal pseudo-representation comes from an actual representation.
Lemma 2.4. Let A = R B C R be a faithful GMA over R and ρ : G → A * be a representation. Then:
If B is a free R-module of rank 1, then there exists an R-algebra isomorphism φ between A and the R-subalgebra of
Proof.
(1) Note that m ′ : B ⊗ C → R is a map of R-modules. Hence, for evey y ∈ R,
The first part follows immediately from this.
(2) Fix a generator γ of B. This choice gives us an R-module isomorphism f γ :
It is easy to check, using the facts that the
thatf is a continuous homomorphism of R-algebras. Note that if a ∈ A, then tr(a) = tr(f (a)). This finishes the proof of the second part.
If A is a GMA as in Lemma 2.3, then we know that B and C are finitely generated modules over R. From Lemma 2.4, we see that determining the minimal number of generators of B and C as R-modules is useful for our purpose. We now give an upper bound on number of minimal generators of B and C in terms of dimensions of certain cohomlogy groups.
Lemma 2.5. Let R be a complete Noetherian local ring with residue field F. Let A = R B C R be a GMA over R. If there exists a representation ρ : G → A * such that
Then minimal number of generators of B as an R-module is at most dim(H 1 (G, χ)) and minimal number of generators of C as an R-module is at most dim(H 1 (G, χ −1 )).
Proof. The proof of the lemma is same as that of [3, Theorem 1.5.5]. We only give a brief summary here. Given f ∈ Hom R (B/m R B, F), we get a morphism of R-algebras
. From the first assumption, it follows that restriction of f * to ρ(G) is an extension of χ 2 by χ 1 and hence, an elementf * of H 1 (G, χ) (see proof of [3, Theorem 1.5.5] for more details). So we get a linear map j :
we get that the map j is injective. Hence, Nakayama's lemma gives the assertion about the number of generators of B. The assertion about the number of generators of C follows similarly. 
Proof. This follows directly from [3, Proposition 1.3.12].
2.3. Reducibility properties of pseudo-characters. We will now define a reducible pseudo-character and study properties of it. We begin by computing tangent space dimension of R pd ρ 0 under some hypothesis.
Proof. Recall that Ext Definition 2.9. Let R be an object of C and t : G → R be a pseudo-character deforming tr(ρ 0 ). We will say that t is reducible if there exists characters η 1 , η 2 : G → R * such that t = η 1 + η 2 and η i is a deformation of χ i for i = 1, 2. 
tr(ρ) = t,
The lemma follows immediately from this observation.
Before proceeding further, we introduce some more notation. Let G ab denote the continuous abelianization of G. Recall that H 2 (G, 1) = 0 means that the abelianized
is a torsion-free pro-p abelian group which is a finitely generated Z p -module.
Proof. Denote R pd ρ 0 /J by R and t univ (mod J) by t ′ for the rest of the proof. Suppose t ′ =χ 1 +χ 2 , whereχ 1 ,χ 2 : G → R * are characters deforming χ 1 and χ 2 , respectively.
As H 2 (G, 1) = 0 and dim(H 1 (G, 1)) = k, we see that lim
χ(g)(1 + y i ). Let I be the ideal of R generated by the set
Since {g 1 , · · · , g k } is a set of topological generators of lim
(mod I) = tr(ρ 0 ). Suppose J ′ is the kernel of the natural surjective map R pd ρ 0 → R/I. So we have t univ (mod J ′ ) = tr(ρ 0 ). From Lemma 2.10, we get that J ′ is the maximal ideal of R pd ρ 0 and hence, I is the maximal ideal of R. This proves the claim about dim(tan(R)). The claim about the Krull dimension of R follows directly from dim(tan(R)) ≤ 2k. 
Similarly, for a non-zero element y ∈ H 1 (G, χ −1 ), denote bȳ ρ y the corresponding representation of G.
Let x ∈ H 1 (G, χ i ) with i ∈ {1, −1} be a non-zero element. Denote by R def ρx the universal deformation ring ofρ x in the category C in the sense of Mazur ([17] ). Note that, for a non-zero x ∈ H 1 (G, χ i ) with i ∈ {1, −1}, the centralizer of the image ofρ x is exactly the set of scalar matrices. Indeed the non-triviality of χ immediately implies this. Hence, the existence of R def ρx follows from [17] and [18] . Let R def ρx be the universal deformation ring
We will frequently specialize to the case where G = G Q,N p . However, even after specializing to this case, we will keep using the notation introduced above unless mentioned otherwise.
Lemma 2.14.
We have the following two exact sequences of G-modules:
So, from the second short exact sequence, we get the following exact sequence of cohomology groups:
From the first short exact sequence, we get the following exact sequence of cohmology groups:
Combining this with the
are both non-zero, then x ′ = ax for some non-zero a ∈ F. Therefore, by conjugatingρ x by the matrix a 0 0 1 , we getρ x ′ .
Hence, we see that
Note that given any non-zero element x ∈ H 1 (G, χ i ) with i ∈ {1, −1}, one has a map 
2.5. Some additional results for Galois groups. We now turn our attention to the case when G = G Q,M p for some integer M and state some results which will be used later. Throughout this subsection, we assume that N is an integer not divisible by p,
Dimension of certain Galois cohomology groups.
We begin by computing dimension of certain Galois cohomology groups. These computations will be used later mainly to compute dimensions of tangent spaces of deformation and pseudo-deformation rings.
Lemma 2.17. Let ℓ be a prime such that ℓ ∤ N p and
an odd character. Then, the following holds:
(1) As we have assumed p ∤ φ(N ), the Kronecker-Weber theorem implies that
From the global Euler characteristic formula, we get
(2) As χ is assumed to be odd, the global Euler characteristic formula implies dim( 
If χ = 1, ω p and χ is odd, then, by the Greenberg-Wiles version of the Poitou-
Combining this with the Greenberg-Wiles version of the Poitou-Tate duality, we get dim(
(4) From the previous part, we know that if dim(
(5) From the Greenberg-Wiles version of the Poitou-Tate duality, we get that dim(
following holds:
(1) As ρ is assumed to be odd, End G Q,Np (ρ) = F and dim(ad(ρ)) = 4, this part follows directly from the global Euler characteristic formula.
(2) As we are assuming p ∤ φ(N ) and dim(H 1 (G Q,N p , ad(ρ))) = 3, we get that 
, where
As
Hence, we get that dim(
Hence, we get that for any prime ℓ, dim(
. Now let ℓ be a prime such that ℓ ≡ −1
2.5.2. GMA results for G Q,N ℓp . We now viewρ 0 as a representation of G Q,N ℓp for some prime ℓ ∤ N p. We will state results which will be used later while analyzing how pseudodeformation rings change after allowing ramification at an additional prime. 
B and C are finitely generated R-modules,
Proof. Sinceρ 0 is assumed to be odd, we get that χ 1 = χ 2 andρ 0 is residually multiplicity free. We know that G Q,N ℓp satisfies the finiteness condition. Moreover, we are assuming that χ| G Q ℓ = 1 which meansρ 0 (g ℓ ) has distinct eigenvalues. The existence A and ρ with given properties follows from parts (iii), Proof. Let K 0 be the maximal extension of Q unramified outside the set of primes dividing
K is a sub-extension of K 0 and ℓ is unramified in K. By [11, Lemma 3.8] , the pseudo- As ℓ is unramified in K, we get that I ℓ ⊂ Gal(K 0 /K). Therefore, we see that ρ| I ℓ factors through the Z p -quotient of the tame inertia group at ℓ. 
(1) Both B and C are generated by at most 2 elements.
(2) There exist b ′ ∈ B and c ′ ∈ C such that B and C are generated by {b, b ′ } and {c, c ′ }, respectively.
The claim now follows from Lemma 2.5.
(2) By Lemma 2.20, ρ(i ℓ ) is well defined and ρ(I ℓ ) is generated by ρ(i ℓ ). Let j 1 :
be the injective maps obtained in the proof of Lemma 2.5. Let y be an element of the subspace Hom
Thus, j 1 (y) lies in the image of the injective map
Nakayama's lemma, B/R.b is generated by at most 1 element. By the same logic, we also get that C/R.c is generated by at most 1 element. So if B = R.b, then we can take b ′ = 0. Otherwise, B/R.b is generated by one element and let b ′ be a lift of the generator in B. Thus, {b, b ′ } generates B in both the cases. The lemma for C and c follows similarly.
We will now present a lemma which will be used to determine a set of generators of co-tangent spaces of deformation and pseudo-deformation rings. For a prime ℓ, denote bỹ
Teichmuller lift in W (F).
There exists a GMA A over R and a representation ρ : G Q,N ℓp → A * such that
Let J be an ideal of R such that t (mod J) is reducible. Then the ideal generated by a, d
and J is the maximal ideal of R.
Proof. Let I be the ideal of R generated by a, d and J and t ′ = t (mod I). Suppose
From the second and third assumptions, we get that
Therefore, ψ 1 (g ℓ ) and ψ 2 (g ℓ ) are roots of the polynomial
Hence, from Hensel's lemma, we get that
Thus, for i = 1, 2, ψ i is a deformation of χ i with ψ i (g ℓ ) = χ i (Frob ℓ ). As p ∤ ℓ − 1, both ψ 1 and ψ 2 are unramified at ℓ.
Since the map R pd,l ρ 0 → R induced by t is surjective, we get, from Lemma 2.10, that I is the maximal ideal of R. We are interested in determining when the universal pseudo-character T univ comes from a representation defined over R pd ρ 0 . In this section, we will explore this question. We do this by first assuming the existence of such a representation to study its implications. Then, we will study if the necessary conditions found this way are sufficient for the existence of such a representation and its consequences on the relationship between R pd ρ 0 and R def ρx . Note that, from Remark 2.6, we already know that T univ comes from a representation if
Hence, for the rest of the article, we are going to assume that both H 1 (G, χ) and H 1 (G, χ −1 ) are non-zero. Note that, when G = G Q,N p andρ 0 is odd, this assumption is satisfied by Lemma 2.17. In the last subsection, we state the implications of the main results found in the general scenario for the case G = G Q,N p .
3.1. Necessary condition for t univ to come from a representation. The existence of a representation over R pd ρ 0 with trace T univ implies that t univ is the trace of a representation defined over R pd ρ 0 . We will first assume the existence of a representation over R pd ρ 0 with trace t univ to relate the rings R pd ρ 0 and R def ρx . Specifically, we will compare the dimensions of their tangent spaces to get the necessary conditions for the existence of the required representation. This will give us a necessary condition for T univ to be the trace of a representation. Since H 2 (G, 1) = 0 holds in most of the cases we are interested in, we keep this assumption in the next proposition. 
Proof. From Lemma 2.8, we know that dim(tan(R pd ρ 0 )) = 2k + mn. As m = 0 and n = 0, dim(tan(R pd
Supposeρ ≃ρ 0 . So, by changing the basis if necessary, we can assume thatρ =ρ 0 . Thus,ρ ≃ρ x for some x ∈ H 1 (G, χ i ) with i ∈ {1, −1} and x = 0. So, by changing the basis if necessary, we can assume thatρ =ρ x . This means that ρ is a deformation ofρ x and hence, there exists a continuous morphism φ x : R def ρx → R pd ρ 0 . Moreover, φ x is surjective as the elements t univ (g) = tr(ρ(g)) with g ∈ G are topological generators of
From Lemma 2.14, we know that dim(tan(R def ρx )) ≤ 2k + m + n − 1. So, we get that 2k + m + n − 1 ≥ 2k + mn which implies that 0 ≥ (m − 1)(n − 1). Therefore, we conclude that either m = 1 or n = 1. G, χ i )) = 1 for some i ∈ {1, −1} is a necessary condition for T univ to be the trace of a representation defined over R pd ρ 0 . Now, we explore if this condition is sufficient for T univ to be the trace of a representation defined over R pd ρ 0 . We will prove the existence of such a representation for the pseudo-character T univ,red :
We begin by proving that any deformation of tr(ρ 0 ) to a domain comes from a representation when dim(H 1 (G, χ i )) = 1 for some i ∈ {1, −1}.
Note that we don't need the hypothesis that H 2 (G, 1) = 0 for the results proved in this subsection.
Proposition 3.4. Suppose there exists an
Proof. Without loss of generality, assume dim(H 1 (G, χ)) = 1, H 2 (G, χ) = 0. For the rest of the proof, denote R pd ρ 0 /P by R and T univ (mod P ) by t. Let K be the fraction field of R and m be the maximal ideal of R.
Suppose t is not reducible. Let A = R B C R be the faithful GMA obtained for the pseudo-character t : G → R in Lemma 2.3 and ρ be the corresponding representation.
By Lemma 2.7, we can take B and C to be fractional ideals of K and the multiplication m ′ (B ⊗ C) to be the multiplication in K. Thus, we can take A to be an R-subalgebra of
As t is not reducible, we have B, C = 0. Hence, by Lemma 2.5, B is generated by 1 element over R. As B is a non-zero fractional ideal of the quotient field K of R, it follows that the annihilator of B is 0. So B is a free module of rank 1 over R. Hence, by second part of Lemma 2.4, we get a representation ρ ′ : G → GL 2 (R) such that tr(ρ ′ ) = tr(ρ) = t and ρ ′ (mod m) =ρ x 0 for some non-zero x 0 ∈ H 1 (G, χ). As dim(H 1 (G, χ)) = 1, for any non-zero x ∈ H 1 (G, χ),ρ x ≃ρ x 0 . Hence, given a non-zero x ∈ H 1 (G, χ), we can conjugate ρ ′ by a suitable matrix to get a deformation ofρ x with trace t. Now suppose t is reducible. So we have t =χ 1 +χ 2 whereχ i is a deformation of χ i
This makes R/m n into a G-module for every n > 0. Soχ 1 = χ. For every n > 0, the natural map R → R/m n is a map of G-modules and it induces a map f n : H 1 (G,χ) → H 1 (G,χ n ). These maps induce a map f :
As H 0 (G,χ n ) = 0 for all n > 0, we get, by [20, Corollary 2.2] and its proof, that the natural map f is an isomorphism. Now, for every n > 0, the natural exact sequence 0 → m n /m n+1 → R/m n+1 → R/m n → 0 is an exact sequence of discrete G-modules. As the modules are discrete, we get an exact sequence
the exact sequence of cohomology groups (see [20, Section 2] for more details). Note that
is surjective for every n > 0. Therefore, the natural map
Given a non-zero x ∈ H 1 (G, χ), there exists ax ∈ H 1 (G,χ) such that f 1 (x) = x.
Therefore, the representation ρ :
deformation ofρ x with trace t.
Theorem 3.5. Suppose there exists an i ∈ {1, −1} such that dim(H 1 (G, χ i )) = 1 and
Fix such an i and let x ∈ H 1 (G, χ i ) be a non-zero element. Then the map
Proof. Without loss of generality, suppose dim(H 1 (G, χ)) = 1 and H 2 (G, χ) = 0. Let x ∈ H 1 (G, χ) be a non-zero element and let P be a prime ideal of R
Hence, from the universal property of R 
Proof. By [21, Theorem 3.3.1], we see that R pd ρ 0 is a quotient of a certain ring R 1 D by an ideal I generated by at most k 0 elements, where χ 2 ) ). χ j ) ). Since we are assuming that dim (H 1 (G, χ i ) 
Recall that Ext
. This completes the proof of the lemma.
We are now ready to prove an improvement of Theorem 3.5.
Theorem 3.7. Suppose H 2 (G, 1) = 0. Suppose there exists an i ∈ {1, −1} such that
Proof. Without loss of generality, assume dim(
be the GMA attached to the pseudo-character t univ : By Lemma 2.12, we know that if P is a prime ideal of R containingĨ, then its height is at least m. Supposeỹ ∈ I. Then, it follows that the idealĨ of R consists of zero-divisors for R/I. Hence, it is contained in the union of primes associated to the ideal I. It follows, from the prime avoidance lemma ([13, Lemma 3.3]), thatĨ is contained in some prime associated to I. Now, we will do a case by case analysis.
Suppose I = (0). SinceĨ = (0),ỹ.Ĩ ⊂ I impliesỹ = 0 and hence, y = 0.
Suppose I = (α) for some non-zero α ∈ R. This means m is either 2 or 3 as minimal number of generators of I is at most m − 1. As α = 0, it follows that α is a regular element in R. Note that R is a regular local ring and hence, a Cohen-Macaulay ring ([13, Corollary 18.17]). Therefore, every prime associated to (α) is minimal over it and hence, has height 1 ([13, Corollary 18.14]). As the height of any prime ideal of R containingĨ is at least 2, it can not be contained in any prime associated to (α). Therefore, we get that y ∈ (α) which means y = 0.
Suppose I = (α, β) with α ∤ β and β ∤ α. In this case m = 3 as minimal number of generators of I is at most m − 1. Now, R is regular local ring and hence, a UFD (see [13, Theorem 19.19] ). Let f be a gcd of α and β. Let α ′ and β ′ ∈ R be such that f.α ′ = α, f.β ′ = β. Hence, α ′ and β ′ are co-prime. By the argument given in the previous case, we get that ifỹ.Ĩ ∈ I, then f |ỹ.
Supposeỹ ′ ∈ (α ′ , β ′ ). Then, by the argument given above,Ĩ is contained in some prime associated to (α ′ , β ′ ).
As α ′ and β ′ are co-prime, it follows that α ′ , β ′ is a regular sequence in R. Using [13, Corollary 18.14] again, we see that every prime associated to (α ′ , β ′ ) is minimal over it and hence, has height 2. As the height of any prime ideal of R containingĨ is at least 3, it can not be contained in any prime associated to (α ′ , β ′ ). Hence, we get contradiction.
So we get thatỹ ′ ∈ (α ′ , β ′ ) which meansỹ ∈ (α, β) and y = 0. So, in both cases, we have y = 0 which means the annihilator ideal of B is (0).
As we are assuming dim(H 1 (G, χ)) = 1, it follows, from Lemma 2.3, that B is generated by at most one element over R pd ρ 0 . On the other hand, we know B is non-zero which means B is generated by one element over R pd ρ 0 . This, combined with the fact that annihilator of B is (0), implies that B is a free R pd ρ 0 -module of rank 1. Now second part of Lemma 2.4 gives a representation ρ : G → GL 2 (R pd ρ 0 ) with tr(ρ) = t univ .
Moreover, from the second part of Lemma 2.4, we see that ρ ′ is a deformation ofρ x for some non-zero x ∈ H 1 (G, χ). Therefore, it induces a map ψ ′
tr(ρ ′ (g)) = t univ (g). Therefore, the universal property of R pd ρ 0 implies that ψ ′ x • ψ x is just the identity map. Hence, ψ x is injective which means ψ x is an isomorphism. This proves the theorem. Note that Lemma 3.6 played an important role in the proof of Theorem 3.7. However, the techniques of the proof of Lemma 3.6 can not be used to prove a similar statement for R pd ρ 0 . This is because the results of [21] play a key role in the proof of Lemma 3.6 and they are only known for the equi-characteristic pseudo-deformation rings. But we can prove the analogue of Theorem 3.7 under an additional hypothesis. 
Proof. Without loss of generality, assume dim(H 1 (G, χ)) = 1. Let A = R Hence, we see that y ∈ (p). As y = 0, there exists a positive integer k 0 such that y = p k 0 y ′ with y ′ ∈ (p) and y ′ = 0. Since p is not a zero divisor in R pd ρ 0 , it follows that y ′ Iρ 0 = 0. But the argument given in the previous paragraph implies y ′ ∈ (p) and hence, gives us a contradiction. Therefore, we get y = 0. This means that Iρ 0 = (0). This, along with the fact dim(H 1 (G, χ)) = 1, implies that B is free R pd ρ 0 -module of rank 1. Following the proof of Theorem 3.13 from here, we get the representation with trace T univ and see that Ψ x is an isomorphism for all non-zero x ∈ H 1 (G, χ).
Finally, we now give a result which will be used in the next section. 
non-zero element. If p is not a zero-divisor in
Proof. We have the following commutative diagram:
Here the vertical maps f 1 and f 2 are the morphisms induced by t univ and ρ univ x , respectively. Now, ker(f 1 ) is the ideal generated by p in R pd ρ 0 , while ker(f 2 ) is the ideal generated by p in R def ρx . By Theorem 3.13, ψ x is an isomorphism. So ker(
Let h ∈ ker(Ψ x ). So h ∈ (p). Suppose h = 0. As R pd ρ 0 is a complete local ring, ∩ n≥1 (p n ) = (0). Therefore, we have h = p n 0 h ′ where n 0 ≥ 1 is an integer, h ′ ∈ R pd ρ 0 and h ′ ∈ (p). Thus, h ′ ∈ ker(Ψ x ) and hence, Ψ x (h ′ ) = 0. But Ψ x (h) = 0. So we get
Thus, we get that p is a zero-divisor in R def ρx which contradicts our assumption. Therefore, it follows that ker(Ψ x ) = (0). From Lemma 2.16, we know that Ψ x is surjective. Hence, it follows that Ψ x is an isomorphism. Proof. This follows from Lemma 2.17 and Theorem 3.5.
Theorem 3.13. Suppose p ∤ φ(N ) and dim(H 1 (G Q,N p , χ i )) = 1 for some i ∈ {1, −1}.
Moreover, for such an
Proof. The theorem follows from Lemma 2.17 and Theorem 3.7.
Proposition 3.14. Suppose p ∤ φ(N ) and dim(H 1 (G Q,N p , χ i )) = 1 for some i ∈ {1, −1}. 
For such an i, assume that dim(H
1 (G Q,N p , χ −i )) ∈ {1, 2, 3}. Let x ∈ H 1 (G Q,N p , χ i ) be a
non-zero element. If p is not a zero-divisor in either R

Increasing the ramification
From now on, we will focus on the case where G = G Q,N p andρ 0 is a reducible, odd, semi-simple representation of G Q,N p .
Let us summarize what we have done so far. We fixed an odd prime p, a natural number N such that p ∤ N and an odd, semi-simple reducible representationρ 0 :
After fixing such a data, we studied the relationship between the universal deformation ring of the pseudo-representation (tr(ρ 0 ), det(ρ 0 )) : G Q,N p → F and the universal deformation rings of the representationsρ x : G Q,N p → GL 2 (F) such that the semi-simplification ofρ x isρ 0 . In this section, we will study, for a prime ℓ ∤ N p, the relationship between the universal deformation rings of the pseudo-representation (tr(ρ 0 ), det(ρ 0 )) for the groups G Q,N p and G Q,N ℓp , respectively.
Let ℓ be a prime such that ℓ ∤ N p. As G Q,N p is a quotient of G Q,N ℓp , the representations ρ 0 andρ x with x ∈ H 1 (G Q,N p , χ i ) with i ∈ {1, −1} are also representations of G Q,N ℓp .
Thus, we can view (tr(ρ 0 ), det(ρ 0 )) as a pseudo-representation of G Q,N ℓp as well. Let Note that the relationship between the universal deformation rings R def,l ρx and R def ρx was studied in [7] . So, from [7] , we know how to determine the structure of R 
Proof. From Lemma 2.19, there exists a faithful GMA A univ over R pd,l ρ 0 and a repre-
, where B ℓ and C ℓ are R pd,l ρ 0 -submodules of B and C, respectively and hence, both of them are finitely generated R pd,l ρ 0 -modules.
Thus, we get charactersχ 1 ,χ 2 : G Q ℓ → (R pd,l ρ 0 ) * sending g ∈ G Q ℓ to the upper and lower diagonal entries of ρ(g), respectively. As p ∤ ℓ − 1, Z * ℓ does not admit any non-trivial pro-p quotient. Hence, by local class field theory,χ 1 (I ℓ ) =χ 2 (I ℓ ) = 1. So the pseudocharacter t univ,ℓ factors through G Q,N p . Hence, this induces a map f : R 
g ∈ G Q,N ℓp . Therefore, we get that f • f ′ is identity. Hence, f is an isomorphism. Thus,
We now focus on the case when the pseudo-deformation ring changes after allowing ramification at an additional prime. 2. We will focus on this question for the rest of the article. However, we will restrict ourself to the simplest case whereρ 0 is unobstructed which will be introduced in the next subsection.
4.2.
Unobstructed pseudo-characters. We now introduce the notion of unobstructed pseudo-representations. In this case, we know the precise structure of R pd ρ 0 and our primary goal is to determine the structure of R pd,l ρ 0 as accurately as possible in this special scenario. Here we gather some results which will be used later on. 
Note that Vandiver's conjecture implies thatρ 0 is unobstructed if N = 1 (see [4, Theorem 22] ). Moreover, [4, Theorem 22 ] also provides many examples of unobstructed ρ 0 when N = 1. In this case, by Lemma 2.14, Lemma 2.17 and Lemma 2.18, we know that dim (H 1 (G Q,N p , ad(ρ x ) )) = 3 for any non-zero x ∈ H 1 (G Q,N p , χ i ) with i ∈ {1, −1}.
So we get the following result: Proof. Sinceρ 0 is odd and p ∤ φ(N ), we get, by the global Euler characteristic formula,
The result now follows from Proposition 3.14.
be the be the GMA attached to the pseudo-character
By Lemma 2.5, both B and C are generated over R pd ρ 0 by at most 1 element. The lemma now follows from Lemma 2.11.
Recall that we already know that the deformation ring does not change after allowing ramification at a prime ℓ such that χ| G Q ℓ = ω p , ω −1 p , 1. So we are not going to consider them anymore in the rest of the article.
4.3.
Generators of the co-tangent space of R def,l ρx . Now supposeρ 0 is unobstructed and ℓ is a prime such that ℓ ∤ N p, p ∤ ℓ − 1 and χ i | G Q ℓ = ω p for some i ∈ {1, −1}. For such an i, let x ∈ H 1 (G Q,N p , χ −i ) be a non-zero element. Throughout this subsection, we are going to fix this set-up without mentioning it again. We will now give a set of generators for the co-tangent space of R def,l ρx .
We first fix some more notation. Fix a lift g ℓ of Frob ℓ in G Q ℓ and fix a topological generator i ℓ of the unique Z p -quotient of the tame inertia group at ℓ. Let ρ
ρx ) be a universal deformation ofρ x for G Q,N ℓp and let ρ univ
We now combine [7 
ρx is surjective and ker(f ) is generated by the entries of the matrix ρ
Proof. Let J be the ideal of R def,l ρx generated by the entries of the matrix ρ 
Thus it induces a map
(mod J) as representations of G Q,N ℓp . Hence, we see that both f ′ • g and g • f ′ are identity maps. Hence, f ′ is an isomorphism which proves the lemma.
We are now ready to state the main result of this subsection.
. Then there exists an element z ∈ R def,l ρx such that the ideal generated by p, y, y ′ , z and ker(f ) is the maximal ideal of R def,l ρx .
Proof. Let z 0 ∈ R pd ρ 0 be an element such that T univ (mod (z 0 )) is reducible. Such an element exists by Lemma 4.5. By Lemma 4.4, the map Ψ x : R pd ρ 0 → R def ρx is an isomorphism. Hence, tr(ρ univ
Viewing T univ as a pseudo-character of G Q,N ℓp , we get a map f 0 : R pd,l ρ 0 → R pd ρ 0 which is surjective by [19, Proposition 6.1] . Now the map h : R pd,l ρ 0 → R def ρx induced by tr(ρ univ x ) is just f 0 • Ψ x . As both f 0 and Ψ x are surjective, we get that h is surjective.
As M 2 (R def ρx ) is a R def ρx -GMA, Lemma 2.22 implies that the set {p, f (y), f (y ′ ), Ψ x (z 0 )} generate the maximal ideal of R def ρx . By Lemma 4.7, f is surjective. Hence, if z ∈ R def,l ρx
is an element such that f (z) = Ψ x (z 0 ), then the ideal generated by p, y, y ′ , z and ker(f )
is the maximal ideal of R def,l ρx .
Structure of R
pd,l ρ 0 with unobstructedρ 0 and p ∤ ℓ 2 −1. As we saw in Lemma 4.4,
whenρ 0 is unobstructed. In this sub-section, we are going to analyze how its structure changes after allowing ramification at a prime ℓ such that ℓ ∤ N p and p ∤ ℓ 2 − 1.
Proposition 4.9. Supposeρ 0 is unobstructed. Let ℓ be a prime such that p ∤ ℓ 2 − 1,
Proof. Without loss of generality, suppose χ| G Q ℓ = ω p | G Q ℓ . By Lemma 2.17, we have dim(H 1 (G Q,N ℓp , χ)) = 2 and dim(H 1 (G Q,N ℓp , χ −1 )) = 1. By the definition of unobstructed, we know that p ∤ φ(N ). So by Proposition 3.14, it suffices to prove that p is not a zero divisor in R def,l ρx for any non-zero x ∈ H 1 (G Q,N p , χ −1 ).
is a regular local ring, it is a UFD ( [13, Theorem 19.19] ). This means that I = (pf ) for some
Thus, we get R 
given by t 0 = χ univ 1 + χ 2 is a deformation of tr(ρ 0 ). Let ψ : R pd,l
Therefore, ψ(φ 1 ) and ψ(φ 2 ) are roots of the polynomial
ρx . This finishes the proof of the proposition.
As a corollary, we get: 
Proof. From the proof of Proposition 4.9, we see that R pd,l
where I is a non-zero principal ideal. By [19, Proposition 6 .1], we know that the natural
and it is a principal ideal. This finishes the proof of the corollary.
We will now prove an improvement of Corollary 4.10 in certain cases. 
Proof. Without loss of generality assume χ| G Q ℓ = ω p | G Q ℓ . By Proposition 4.9, we have
for any non-zero x ∈ H 1 (G Q,N ℓp , χ −1 ). Therefore, there exists a represen-
factors through the Z p -quotient of the tame inertia group at ℓ and ρ(i ℓ ) = 1 w 0 1 for
From the proof of Proposition 4.9, we also get that w = 0 and w(φ 1 /φ 2 − ℓ) = 0 i.e.
w(φ 1 − ℓφ 2 ) = 0. By Lemma 4.6, there exist y, y ′ ∈ R pd,l
As ℓ/l is a topological generator of 1 + pZ p , it follows that 1 − ℓ/l = pu for some u ∈ Z * p . Hence, with unobstructedρ 0 and p|ℓ + 1. We now turn to the case whereρ 0 is unobstructed and ℓ is a prime such that ℓ ∤ N p and p|ℓ + 1. As we will see, this case is a bit more complicated than the previous case. Even in the cases considered in [10] and [7] , the structure of the deformation ring obtained after allowing ramification at a prime ℓ which is −1 (mod ℓ) was different and more complicated than the structure of the deformation ring obtained after allowing ramification at a prime ℓ which is not 1 or −1 (mod p). We begin by determining the explicit structure of R def,l ρx under certain hypotheses.
Before proceeding further, we need a piece of notation. Let {h i |i ∈ Z, i ≥ 0} be the set of
0 with h 0 = 0 and h 1 = 1 (see [10] for more details). So
ρx ) be the universal deformation ofρ x .
Note that if p|ℓ + 1 but p 2 ∤ ℓ + 1, then ℓ/l is a topological generator of 1 + pZ p .
Lemma 4.13. Supposeρ 0 is unobstructed. Let ℓ be a prime such that p|ℓ + 1, p 2 ∤ ℓ + 1
Proof. By Lemma 4.6, it follows that τ univ,ℓ x | I ℓ factors through the Z p -quotient of the tame inertia group at ℓ, τ Note that h ℓ ≡ ℓ (mod (U V )). Since p|ℓ + 1, we get (
, we see that the images of the elements ((1 + Y ) + h ℓ (1 + X))V and ((1 + X) + h ℓ (1 + Y ))U in J 0 /m 0 J 0 are linearly independent over F. As J 0 is generated by at most 2 elements, the dimension of J 0 /m 0 J 0 as a vector space over F is at most 2. Hence, it follows, from Nakayama's lemma, that J 0 = (((1 +
We now turn our attention to the problem of finding the structure of R pd,l ρ 0 whenρ 0 is unobstructed, p|ℓ + 1 and χ| G Q ℓ = ω p . Note that in this case, we have dim( 
.
We will first prove a series of lemmas which will be used to prove Theorem 4.14.
Let P be a prime R 
ρ 0 /P and ρ P : G Q,N ℓp → A * P be the corresponding representation. By Lemma 2.20, we see that ρ P | I ℓ factors through the Z p -quotient of the tame inertia group at ℓ. Fix a generator i ℓ of this Z p -quotient. We will now use this notation throughout the paper. 
Proof. By Lemma 2.7, we can choose B P and C P to be fractional ideals of K P = Frac(R From Lemma 2.20, we see that ρ P | I ℓ factors through the Z p -quotient of the tame inertia group at ℓ. By the action of Frob ℓ on the tame inertia group by conjugation, we see that ρ P (i ℓ ) is conjugate to ρ P (i ℓ ) ℓ . So if a ∈K P is an eigenvalue of ρ P (i ℓ ), then a ℓ is also an eigenvalue of ρ P (i ℓ ). As p ∤ ℓ − 1, det(ρ P (I ℓ )) = 1. Hence, we get that either a ℓ = a or a ℓ = a −1 . In particular, a is an n-th root of unity for some n ∈ N. As K P has characteristic p, it follows that ρ P (i ℓ ) has finite order. As i ℓ is a generator of the Z p -quotient of I ℓ , we see that ρ P (i ℓ ) has order p n for some n ∈ N. Since K P has characteristic p, it follows that 1 is the only eigenvalue of ρ P (i ℓ ).
So there exists some Q ∈ GL 2 (K P ) such that Qρ P (i ℓ )Q −1 = 1 w 0 1 for some w ∈ K P .
Thus, Qρ P (I ℓ )Q −1 = { 1 n.w 0 1 |0 ≤ n ≤ p − 1}. As I ℓ is normal in G Q ℓ , we see that
is a subgroup of the group of upper triangular matrices in GL 2 (K P ).
Hence, we conclude that tr(ρ P (gh)) − tr(ρ P (g)) = 0 for all g ∈ G Q ℓ and h ∈ I ℓ . Since t univ,ℓ (mod P ) = tr(ρ P ), the lemma follows. 
ρ 0 ) red be the GMA for the tuple ((R pd,l ρ 0 ) red , ℓ, (t univ,ℓ ) red , g ℓ ) and ρ red be the corresponding representation. Let K 0 be the total fraction field of (R pd,l ρ 0 ) red . By Lemma 2.7, we can take B red and C red to be the fractional ideals of K 0 such that the map m ′ (B red ⊗ (R 
We will now analyze I 0 . As bc = 0, we get x 1 .x 2 = bc ′ .b ′ c = 0. So X 1 X 2 ∈ I 0 . Note that, from the action of Frob ℓ on the tame inertia group, we get 
Proof. Fix a non-zero element x 0 ∈ H 1 (G Q,N p , χ) . From Lemma 4.6, we know that τ univ,ℓ x 0 factors through the Z p quotient of the tame inertia group at ℓ and there exist u, v ∈ R def,l ρx 0 such that ρ(i ℓ ) = √ 1 + uv u v √ 1 + uv . We also know that there exists a lift g ℓ of Frob ℓ
In Lemma 4.13, we constructed an isomorphism φ :
which sends images of X, Y , U and V in R to x, y, u and v, respectively. Hence, it follows that Note that g(t univ,ℓ (g ℓ )) = a + b and g(
, then a and b are the roots of the polynomial X 2 − g(t univ,ℓ (g ℓ ))X + g(
. Therefore, by Hensel's lemma, we have a, b ∈ R ′ . As a consequence, we see that x, y ∈ R ′ . Now, x − y ∈ Q 1 ∩ Q 2 but x − y ∈ Q 0 . As x − y lies in the image of g, it follows that P 0 = P 1 and P 0 = P 2 .
We will denote τ univ,ℓ x 0 by ρ for the rest of the proof. As ρ is a deformation ofρ x 0 , there
As b lies in the image of g, tr((
vb 0 ) also lies in the image of g. Thus, we have found an element in the image of g which is in Q 2 but not in Q 1 . Hence, we get P 1 = P 2 .
From above, we know that the map g 0 induces an isomorphism R pd,l
Hence, the map η : R pd,l
Hence, ker(η) is a prime ideal of R pd,l ρ 0 and P 0 = ker(η). Now P i ⊂ ker(η) for i = 1, 2. If is not unramified at ℓ. By a similar logic, we get that tr(ρ (mod Q 2 )) is not unramified at ℓ. Therefore, we get P 0 ⊂ P i for i = 1, 2.
Thus we conclude that all P 0 , P 1 and P 2 are proper subsets of ker(η). As dim(R pd,l ρ 0 / ker(η)) = 2 and P i 's are prime ideals for i = 0, 1, 2, we get that dim(R pd,l ρ 0 /P i ) ≥ 3 for i = 1, 2.
We are now ready to prove Theorem 4.14.
Proof of Theorem 4.14. From Lemma 4.16, we know that there exists a surjective mor-
We will denote ker(g) by I 0 for the rest of the proof. For i = 0, 1, 2, let P ′ i be the kernel of the map 
Now, the Krull dimension of R pd,l ρ 0 /P i and hence, that of F[[X, Y, Z, X 1 , X 2 ]]/P ′ i is at least 3 for i = 0, 1, 2. Therefore, every P ′ i is either (Y, X 1 ), (Y, X 2 ) or (X 1 , X 2 ). Since P 0 , P 1 and P 2 are distinct prime ideals of R pd,l ρ 0 (by Lemma 4.17), 
It is natural to ask if the same approach can give us the structure of (R pd,l ρ 0 ) red as well. But the method does not work. More specifically, Lemma 4.15 is not true for R pd,l ρ 0 . Indeed, let x ∈ H 1 (G Q,N p , χ i ) be a non-zero element with i ∈ {1, −1} and O be the ring of integers in the finite extension of Q p obtained by attaching all the p-th roots of unity to Q p .
Let ζ p be a primitive p-th root of unity. It can be checked that there exists a W (F)-algebra 
Proof. We use a strategy similar to the one used in the proof of Theorem 4.14. Namely, we first find a set of generators of the co-tangent space of R pd,l ρ 0 and then find the relations between them using GMAs. After assuming that R pd,l ρ 0 is a local complete intersection ring, we will find a subset of these relations which will generate all the relations in R pd,l ρ 0 . But the description of this subset will give a contradiction to Theorem 4.14 which will complete the proof. From the action of the Frobenius on the tame inertia, we get that ρ(zi ℓ z −1 ) = ρ(i ℓ ) ℓ . As Thus, J 0 contains the elements X 3 Y + X 2 3 q 1 , X 1 Y + X 1 X 3 q 2 and −X 2 Y + X 2 X 3 q 3 for some q 1 , q 2 , q 3 ∈ R 0 . As minimum number of generators of J 0 is 3, it follows, by Nakayama's lemma, that J 0 /m 0 J 0 is an F vector space of dimension 3. As m 0 J 0 ⊂ m 3 0 , we see that the images of X 3 Y + X 2 3 q 1 , X 1 Y + X 1 X 3 q 2 and −X 2 Y + X 2 X 3 q 3 inside J 0 /m 0 J 0 are linearly independent over F. Therefore, they form an F-basis of the vector space J 0 /m 0 J 0 . Hence, by Nakayama's lemma, we get that J 0 = (X 3 Y + X 2 3 q 1 , X 1 Y + X 1 X 3 q 2 , −X 2 Y + X 2 X 3 q 3 ).
In particular, J 0 ⊂ (X 3 , Y ). This implies that the Krull dimension of R pd,l ρ 0 is 4.
However, we know that the Krull dimension of R pd,l ρ 0 is 3. Hence, we get a contradiction to the hypothesis that J 0 is generated by 3 elements. Therefore, R pd,l ρ is not a local complete intersection ring. 
Applications to Hecke algebras
In this section, we will use the results proved so far to determine structure of big p-adic Hecke algebras in some cases and prove 'big' R = T in those cases. We begin by defining the big p-adic Hecke algebra.
Let M k (N, W (F)) be the space of modular cuspforms of level Γ 1 (N ) and weight k with ) is a representation such that tr(ρ ′ g ) = tr(ρ g ) and ρ ′ g is unramified at ℓ. As ρ g is absolutely irreducible, we see, by Brauer Nesbitt theorem, that ρ g ≃ ρ ′ g overQ p . This means ρ g is unramified at ℓ contradicting the assumption that g is new at ℓ. Hence, φ is an isomorphism. 5.1. Examples. We will now see a few examples where the hypothesis of Theorem 5.3 are satisfied. In all the examples, we will keep N = 1. We will first illustrate how to use 
